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Abstract
Differential inclusions involving the normal cone to a moving set are investigated. A special
attention is paid to the sweeping process associated with sets for which no regularity
assumption is required.
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1. Introduction
Let T be a positive real number and let, for each tA½0; T ; a nonempty closed
subset CðtÞ of a Hilbert space H: We will be concerned, for any ﬁxed x0ACð0Þ; with
the differential inclusion
ðIÞ ’xðtÞA NCðtÞðxðtÞÞ; xð0Þ ¼ x0ACð0Þ;
where for any subset S in H the set NSðuÞ denotes the Clarke normal cone to S at
uAS: Sometimes, we will write NðS; uÞ in place of NSðuÞ: By a solution of (I), one
generally means an absolutely continuous mapping x from ½0; T  into H such that
xð0Þ ¼ x0 and ’xðtÞA NCðtÞðxðtÞÞ for almost all tA½0; T :
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The differential inclusion (I) is generally called the sweeping process and it has been
introduced and thoroughly studied in the 70s by Moreau [23–26] in the setting where
all the sets CðtÞ are assumed to be convex. Then Castaing [4] studied the stochastic
version in the same setting. Castaing also introduced in [5] some new techniques
from which one can derive several results, in particular the existence of a solution of
(I) when CðtÞ is the form CðtÞ ¼ S þ vðtÞ; where S is any ﬁxed closed subset (with H
ﬁnite dimensional) and v has a ﬁnite variation. Considering the smallest set-valued
mapping G whose graph is closed and contains the graph of ðt; uÞ/NCðtÞðuÞ-BH
(for C 1-Lipschitz), Valadier [32] showed that the differential inclusion
’xðtÞA Gðt; xðtÞÞ; xð0Þ ¼ x0ACð0Þ
admits at least a solution. So, he obtained a solution for (I) whenever the set-valued
mapping ðt; uÞ/NCðtÞðuÞ-BH has a closed graph, providing in this way a solution
to (I) for the new case where CðtÞ is the complement of the interior of a convex set.
See also [18], [21], [33] for some other contributions. Recently Benabdellah [2] and
Colombo–Goncharov [13] independently showed the existence of a solution of (I)
when the sets CðtÞ are general nonconvex closed sets (with H ﬁnite dimensional)
moving in a Lipschitzian way with respect to t:
In the same 70s period, Henry [19] introduced for the study of planning
procedures in mathematical economy the differential inclusion
’xðtÞAProjTðK ;xðtÞÞðFðxðtÞÞ; xð0Þ ¼ x0AK ;
where F is an upper semicontinuous set-valued mapping with nonempty compact
convex values, K is a closed convex set, and TðK ; :Þ denotes the tangent cone to K :
Some years later, the same problem has been studied by Cornet [14,15] who assumed
only the Clarke regularity of the set K instead of its convexity. Cornet and Henry
reduced in some way the problem to the existence of a solution of the differential
inclusion
ðI1Þ ’xðtÞA NKðxðtÞÞ þ FðxðtÞÞ; xð0Þ ¼ x0AK :
In fact, Cornet [14] thoroughly studied the relationship between the two differential
inclusions. We also refer to Malivert [20] for other important classes of sets K :
Perturbations of the differential inclusion (I) in the form
ðI2Þ ’xðtÞA NCðtÞðxðtÞÞ þ Gðt; xðtÞÞ
with CðtÞ convex or the complement of the interior of a convex set have been
considered by Castaing–Duc Ha–Valadier [6], Castaing–Monteiro Marques [7] and
several authors (see, e.g. the references in [6,22]). Corresponding functional (with
delay) perturbed differential inclusions (see Section 3 for the notation xt)
ðI3Þ ’xðtÞA NCðtÞðxðtÞÞ þ Fðt; xtÞ
(denoted by (III) in Section 3) also appear in Castaing–Monteiro Marques [8] with
the assumption of convexity of CðtÞ or of its complement.
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Our main purpose in this paper is to show how a classical differential inclusion
with convex compact values is strongly connected with the differential inclusions (I),
ðI1Þ; ðI2Þ and ðI3Þ: It allows us to obtain the existence of a solution to the differential
inclusion (I) in the case when the sets CðtÞ are nonconvex and move in an absolutely
continuous way. Indeed, assuming
jdðx; CðtÞÞ  dðx; CðsÞÞjpjvðtÞ  vðsÞj for all xAH; s; tA½0; T ;
where v is a nondecreasing continuous function, we prove that the differential
inclusion
ðIIÞ ’xðtÞA ’vðtÞ@dCðtÞðxðtÞÞ; xð0ÞACð0Þ
(where @dSðuÞ denotes the Clarke subdifferential of the distance function dS) admits
at least one absolutely continuous solution satisfying the constraint xðtÞACðtÞ for all
tA½0; T : In so doing, such a solution of (II) provides a solution of (I) under the same
general assumption. Our method strongly uses a viability theorem by Frankowska
and Plaskacz [16] for differential inclusions over tubes. This is developed in
Section 4.
The connection of (II) with the differential inclusion (I) is reinforced by the fact
that we establish in Section 2 that a mapping is a solution of (I) if and only if it is a
solution of (II) when the nonconvex sets CðtÞ are regular in some sense. Our methods
can be adapted to provide in the third section the existence of a solution of the
perturbed differential inclusions ðI1Þ and ðI2Þ via the differential inclusion
’xðtÞA ’wðtÞ@dCðtÞðxðtÞÞ þ Gðt; xðtÞÞ;
where w is an absolutely continuous function associated with the function v above
and with the growth condition of the set-valued mapping G: A similar result is also
proved in the case of the functional perturbed differential inclusion ðI3Þ: This makes
clear another contribution of our paper providing in a uniﬁed way the existence of
solutions of the sweeping process and the differential inclusion ðI1Þ associated with
the Henry differential inclusion above. At the same time, we provide new insights on
the differential inclusion ðI1Þ in establishing the existence of solutions for any
nonconvex closed set K :
2. Sweeping process with regular sets
Recalling that the Clarke normal cone NSðuÞ (see [10,11]) is empty at any point
ueS; one observes that the differential inclusion (I) is implicitly subject to the
constraints
xðtÞACðtÞ for all tA½0; T ;
whenever the graph of C is closed (this will be the case below).
In all the paper, we will often assume that the closed sets CðtÞ satisfy the following
hypothesis: there exists a nondecreasing absolutely continuous function v from ½0; T 
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into R such that for all s; tA½0; T  and all eAH
ðHÞ jdðe; CðtÞÞ  dðe; CðsÞÞjpjvðtÞ  vðsÞj:
This amounts to saying that C moves in an absolutely continuous way with respect
to the Hausdorff distance. Sometimes, we will require the weaker hypothesis
ðH0Þ dðe; CðtÞÞ  dðe; CðsÞÞpvðtÞ  vðsÞ;
for all eAH and s; tA½0; T  with spt: This means that C has an absolutely
continuous retraction (see [25]).
Recall that x
AX 
 is in the Fre´chet subdifferential @F f ðxÞ of a function f from a
normed space X into R,fþNg with f ðxÞoN provided for each e40 there exists
some neighborhood U of x such that for all uAU one has
/x
; u  xSpf ðuÞ  f ðxÞ þ ejju  xjj:
When f is the indicator function cS of a subset SCX and xAS (recall that cSðxÞ ¼ 0
if xAS and cSðxÞ ¼ þN if xeSÞ; this amounts to saying that for some
neighborhood U of x one has for all uAU-S
/x
; u  xSpejju  xjj:
The obtained set is called the Fre´chet normal cone to S at x and it is denoted by
NFS ðxÞ:
When @F gðxÞ coincides with the Clarke subdifferential @f ðxÞ of f at x; one says
that f is subdifferentially regular at x: The regularity of the indicator function cS is
equivalent to the equality NFS ðxÞ ¼ NSðxÞ; i.e., the Clarke and the Fre´chet normal
cones to S at xAS coincide. Generally, one says that the set S is normally regular at
xAS: One knows by Bounkhel and Thibault [3] that, in the setting of Hilbert space,
this is equivalent to the subdifferential regularity at xAS of the distance function
dS :¼ dð:; SÞ: When S is normally regular at all points in S; we merely say that S is
normally regular.
We ﬁrst prove that, for regular sets, any solution of (I) is a solution of a
differential inclusion associated with the distance function dCðtÞð:Þ:
Proposition 2.1. Assume that ðH0Þ holds. If xð:Þ is a solution of (I) and if all the sets
CðtÞ are normally regular, then xð:Þ is also an absolutely continuous solution of the
differential inclusion
ðIIÞ ’xðtÞA ’vðtÞ@dCðtÞðxðtÞÞ; xð0Þ ¼ x0ACð0Þ:
Proof. Fix any tA0; T ½ with x and v derivable at t and with ’xðtÞa0: Then, by
deﬁnition of (I) and the remark above, one has xðtÞACðtÞ and by the regularity
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of CðtÞ one has
 ’xðtÞjj ’xðtÞjjAN
F
CðtÞðxðtÞÞ:
But (see, e.g. [3] and the references therein) one knows that for any closed set S
and uAS
@F dSðuÞ ¼ NFS ðuÞ-fu
AH : jju
jjp1g:
Therefore, one has
 ’xðtÞjj ’xðtÞjjA@
F dCðtÞðxðtÞÞ: ð2:1Þ
Fix any e40: For sot sufﬁciently close to t we can write
 ’xðtÞjj ’xðtÞjj; xðsÞ  xðtÞ
 
p dCðtÞðxðsÞÞ þ ejjxðsÞ  xðtÞjj
¼ dCðtÞðxðsÞÞ  dCðsÞðxðsÞÞ þ ejjxðsÞ  xðtÞjj
p vðtÞ  vðsÞ þ ejjxðsÞ  xðtÞjj
and hence
 ’xðtÞjj ’xðtÞjj;
xðsÞ  xðtÞ
t  s
 
p 1
t  s ðvðtÞ  vðsÞÞ þ e:
1
t  s jjxðsÞ  xðtÞjj;
that is,
’xðtÞ
jj ’xðtÞjj;
xðsÞ  xðtÞ
s  t
 
pvðsÞ  vðtÞ
s  t þ e
xðsÞ  xðtÞ
s  t



:
Taking the limits for s-t with sot we get
’xðtÞ
jj ’xðtÞjj; ’xðtÞ
 
p’vðtÞ þ ejj ’xðtÞjj;
that is, jj ’xðtÞjjp ’vðtÞ þ ejj ’xðtÞjj and hence jj ’xðtÞjjp’vðtÞ: As the inequality obviously
holds when ’xðtÞ ¼ 0; we obtain jj ’xðtÞjjp’vðtÞ for almost all tA½0; T  and hence by the
deﬁnition of the Fre´chet subdifferential and by (2.1)
 ’xðtÞA’vðtÞ@F dCðtÞðxðtÞÞ:
As the Fre´chet subdifferential is always included in the Clarke one, the last relation
above allows us to conclude that
 ’xðtÞA’vðtÞ@dCðtÞðxðtÞÞ: &
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Consider also the case when the sets CðtÞ are complements of normally regular
sets. Recall ﬁrst that a subset SCH is epi-Lipschitzian (see Rockafellar [29]) at a
point %xAS if there are r40 and a vector yAH such that
ð %x þ rBHÞ-S þ ½0; rðy þ rBHÞCS:
(Here BH denotes the closed unit ball of H). Such a set S obviously has a nonempty
interior. Rockafellar [29] proved, for the Clarke tangent cone TangðS; %xÞ; the
equality
TangðH\ int S; %xÞ ¼ TangðS; %xÞ;
whenever S is epi-Lipschitzian at %x in the boundary bd S of S; and hence by polarity
NðH\ int S; %xÞ ¼ NðS; %xÞ: ð2:2Þ
When S is epi-Lipschitzian at all points in S; one says that S is epi-Lipschitzian. Any
closed convex set with nonempty interior is epi-Lipschitzian. The statement of the
proposition below also uses the set-valued mapping ES associated with a subset of
the form S ¼ H\ int S0 and deﬁned by
ESðxÞ ¼ @dS0 ðxÞ if xAbd S; ESðxÞ ¼ f0g if xA int S; and
ESðxÞ ¼ | if xeS:
Similar results of equivalence have been ﬁrst proved in different way by Valadier [32]
when the sets C0ðtÞ below are convex sets with nonempty interior. Note that the
control result, as (2.3), of jj ’xðtÞjj in [32] is provided for any solution x of the
differential inclusion
’xðtÞANC0ðtÞðxðtÞÞ; xð0Þ ¼ x0e int C0ð0Þ
with the constraints xðtÞe int C0ðtÞ for all t; where C0ðtÞ are convex sets (with maybe
empty interiors) satisfying a condition in the line of (HÞ:
Proposition 2.2. Let C0ðtÞ be closed subsets of H that are normally regular and epi-
Lipschitzian and denote by CðtÞ the complement of int C0ðtÞ; i.e., CðtÞ :¼ H\ int C0ðtÞ:
Instead of assuming ðH0Þ for CðtÞ; assume that there exists a nonincreasing absolutely
continuous function v such that
dðe; C0ðt1ÞÞ  dðe; C0ðt2ÞÞpvðt1Þ  vðt2Þ
for all eAH; t1; t2A½0; T  with t1pt2: Then, xð:Þ is a solution of (I) if and only if it is a
solution of the differential inclusion
’xðtÞAj’vðtÞjECðtÞðxðtÞÞ and xð0Þ ¼ x0ACð0Þ:
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In particular, for any solution xð:Þ of (I) one has
jj ’xðtÞjjpj’vðtÞj for almost all tA½0; T : ð2:3Þ
Proof. Suppose ﬁrst that xð:Þ is a solution of the differential inclusion in the
statement of the proposition and let tA½0; T  where the inclusion holds. Then
xðtÞACðtÞ and if xðtÞA int CðtÞ; we have ’xðtÞ ¼ 0 because of the deﬁnition of ECðtÞ
and hence ’xðtÞA NCðtÞðxðtÞÞ: If xðtÞAbd CðtÞ; then xðtÞAbd C0ðtÞ because
bd CðtÞ ¼ bdðint C0ðtÞÞ ¼ clðint C0ðtÞÞ\ int C0ðtÞCbd C0ðtÞ:
So, we have
xðtÞAbd C0ðtÞ and ’xðtÞAj’vðtÞj@dC0ðtÞðxðtÞÞCNC0ðtÞðxðtÞÞ:
According to (2.2), we obtain ’xðtÞA NCðtÞðxðtÞÞ: Thus, xð:Þ is a solution of (I).
Suppose now that xð:Þ is a solution of (I) and ﬁx tA0; T ½ where the inclusion of (I)
holds. We have xðtÞACðtÞ and, as NSðuÞ ¼ f0g whenever u
R
S; it is enough to
consider the case xðtÞAbd CðtÞ: Suppose further that ’xðtÞa0: Then, according to
(2.2) we have
’xðtÞ
jj ’xðtÞjjA NCðtÞðxðtÞÞ ¼ NC0ðtÞðxðtÞÞ
and (as in the proof of Proposition 2.1) the normal regularity of C0ðtÞ entails
’xðtÞ
jj ’xðtÞjjA@
F dC0ðtÞðxðtÞÞ: ð2:4Þ
Fix any e40: For s4t sufﬁciently close to t; we obtain (as in Proposition 2.1)
’xðtÞ
jjxðtÞjj; xðsÞ  sðtÞ
 
pjvðsÞ  vðtÞj þ ejjxðsÞ  xðtÞjj:
Dividing by s  t40 and taking the limit with skt yields
’xðtÞ
jj ’xðtÞjj; ’xðtÞ
 
pj’vðtÞj þ ejj ’xðtÞjj
and hence jj ’xðtÞjjpj’vðtÞj: Using this inequality in (2.4) gives (taking the deﬁnition of
the Fre´chet subdifferential into account)
’xðtÞAjj ’xðtÞjj@F dC0ðtÞðxðtÞÞCj’vðtÞj@F dC0ðtÞðxðtÞÞCj’vðtÞj@dC0ðtÞðxðtÞÞ
and hence ’xðtÞAj’vðtÞjECðtÞðxðtÞÞ: The proof is then complete. &
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We proceed now to proving the converse of Proposition 2.1 when the distance
function dCðtÞð:Þ is subdifferentially regular at all points near the set CðtÞ: So, we
assume that there exists some number rðtÞ40 such that dð:Þ is subdifferentially
regular at any point in the enlargement CðtÞ þ rðtÞUH : Here UH denotes the open
unit ball of H: It follows from Poliquin et al. [27] (see Theorem 4.1 therein) that this
amounts to requiring that the sets CðtÞ are (uniformly) rðtÞ-prox-regular with respect
to the open tube fuAH : 0odCðtÞðuÞorðtÞg: Such sets will be called rðtÞ-prox-regular
in the paper. They are called rðtÞ-proximally smooth in Clarke et al. [12]. Note that
any point in CðtÞ þ rðtÞUH (see [12,27]) has one and only one projection over CðtÞ:
We also assume that
2
Z t
0
’vðsÞ dsorðtÞ for t40: ð2:5Þ
Lemma 2.1. Under ðH0Þ and (2.5), for any solution xð:Þ of (II) one has
xðtÞACðtÞ þ rðtÞUH for any tA½0; T :
Proof. Fix any solution x of (II). Then, inclusion (II) ensures that jj ’xðtÞjjp’vðtÞ for
almost all tA½0; T  and hence
dðxðtÞ; CðtÞÞp jjxðtÞ  xð0Þjj þ dðxð0Þ; CðtÞÞ
¼ jjxðtÞ  xð0Þjj þ dðxð0Þ; CðtÞÞ  dðxð0Þ; Cð0ÞÞ
p
Z t
0
jj ’xðsÞjj ds þ vðtÞ  vð0Þ
p 2
Z t
0
’vðsÞ ds:
This implies that
dðxðtÞ; CðtÞÞorðtÞ: &
Using the techniques developed in Thibault [30] to get existence of solutions for
sweeping process with convex sets, we can prove the following theorem. It establishes
coincidence between the solution sets of (I) and (II) under prox-regularity
assumption.
Theorem 2.1. Assume that CðtÞ is rðtÞ-prox-regular and that ðHÞ and (2.5) hold. A
mapping xð:Þ is a solution of the constrained differential inclusion (I) iff it is a solution
of the unconstrained differential inclusion (II).
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Proof. Taking Proposition 2.1 into account, it is sufﬁcient to prove that any solution
of (II) is a solution of (I). So, ﬁx a solution xð:Þ of (II). It is enough to prove that
xðtÞACðtÞ for all tA½0; T : Put hðtÞ ¼ dðxðtÞ; CðtÞÞ: It follows from ðHÞ that h is
absolutely continuous. The set
O ¼ ftA½0; T  : xðtÞeCðtÞg
is then open in ½0; T  because O ¼ ftA½0; T  : hðtÞ40g: We claim that this set O is in
fact empty. Indeed, let us suppose that Oa|: Then, as 0eO; there exists a nonempty
open interval a; b½CO such that hðaÞ ¼ 0 (it sufﬁces to choose for a; b½ any
connected component of O-0; T ½a|). Let s be any point of a; b½ where ’hðsÞ; ’xðsÞ
and ’vðsÞ exist and such that ’xðsÞ satisﬁes the inclusion (II). Then for such a point s we
have for d40 sufﬁciently small and for some mapping eðdÞ dk0! 0
d1½hðs þ dÞ  hðsÞ
¼ d1½dðxðs þ dÞ; Cðs þ dÞÞ  dðxðsÞ; CðsÞÞ
¼ d1½dðxðsÞ þ d ’xðsÞ þ deðdÞ; Cðs þ dÞÞ  dðxðsÞ þ d ’xðsÞ; Cðs þ dÞÞ
þ d1½dðxðsÞ þ d ’xðsÞ; Cðs þ dÞÞ  dðxðsÞ þ d ’xðsÞ; CðsÞÞ
þ d1½dðxðsÞ þ d ’xðsÞ; CðsÞÞ  dðxðsÞ; CðsÞÞ
pjjeðdÞjj þ d1ðvðs þ dÞ  vðsÞÞ
þ d1½dðxðsÞ þ d ’xðsÞ; CðsÞÞ  dðxðsÞ; CðsÞÞ:
If ’vðsÞ ¼ 0; then (II) says that ’xðsÞ ¼ 0 and hence we get from the last inequality
’hðsÞp’vðsÞ ¼ 0:
Suppose now ’vðsÞa0: As xðsÞeCðsÞ; we observe by the lemma above and
Theorem 4.1 in Poliquin et al. [27] that the function dð:; CðsÞÞ is Fre´chet
differentiable at xðsÞ: So, inclusion (II) for ’xðsÞ means that  ’xðsÞ’vðsÞ is the Fre´chet
differential at xðsÞ of the function dð:; CðsÞÞ: This implies that jj ’xðsÞjj ¼ ’vðsÞ and for
some function ZðdÞ-0
d1½dðxðsÞ þ d ’xðsÞ; CðsÞÞ  dðxðsÞ; CðsÞÞ ¼  ’xðsÞ
’vðsÞ; ’xðsÞ
 
þ ZðdÞ
¼  ’vðsÞ þ ZðdÞ:
ARTICLE IN PRESS
L. Thibault / J. Differential Equations 193 (2003) 1–26 9
This equality and the inequality above concerning d1½hðs þ dÞ  hðsÞ entail that
one has
’hðsÞp’vðsÞ  ’vðsÞp0:
Therefore, for almost all sAa; b½ we have ’hðsÞp0 and hence for every tAa; b½ we
obtain
hðtÞ ¼ hðaÞ þ
Z t
a
’hðsÞ ds ¼
Z t
a
’hðsÞ dsp0;
which is a contradiction with a; b½CO: So, O ¼ | and the proof is complete. &
The existence theorem for sweeping process with prox-regular sets can now be
derived.
Theorem 2.2. Assume that H is finite dimensional and CðtÞ is rðtÞ-prox-regular.
Assume also that ðHÞ and (2.5) hold. Then, the differential inclusions (I) and (II) have
the same solution set and this solution set is nonempty. Further, for any solution xð:Þ
one has jj ’xðtÞjjp ’vðtÞ for almost all tA½0; T :
Proof. By what precedes, it is enough to show that the unconstrained differential
inclusion (II) has a solution. Put
ftðxÞ :¼ f ðt; xÞ :¼ ’vðtÞdCðtÞðxÞ:
It is easy to verify that the set-valued mapping ðt; xÞ/@ftðxÞ has nonempty convex
compact values, is measurable with respect to ðt; xÞ and upper semicontinuous with
respect to x: It is also easily seen that
@ftðxÞC’vðtÞBH :
Then, it follows (see, e.g., [9, Theorem VI-13]) that the differential inclusion (II)
has at least one solution. &
Consider now a general case with uniqueness. We put the convention 1=N ¼ 0:
Corollary 2.1. In addition to the assumptions of Theorem 2.2, assume that the function
t/’vðtÞ=rðtÞ is integrable over ½0; T : Then, the sweeping process (I) admits one and
only one solution xð:Þ; and this solution xð:Þ satisfies jj ’xðtÞjjp’vðtÞ: Further, if Sa
denotes the unique solution associated with aACð0Þ; then the mapping a/Sa is
Lipschitz from Cð0Þ into the space of continuous mappings from ½0; T  into H endowed
with the sup norm.
Proof. The existence result follows from Theorem 2.2. Consider now two points a; b
in Cð0Þ: Let xa (resp. xb) be a solution associated with the initial value a (resp. b).
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By Theorem 2.2, we have for almost all tA½0; T 
 ’xaðtÞA ’vðtÞ@dCðtÞðxaðtÞÞ and  ’xbðtÞA’vðtÞ@dCðtÞðxbðtÞÞ;
which ensures by Theorem 4.1. in Poliquin et al. [27] that
/ ’xbðtÞ  ’xaðtÞ; xaðtÞ  xbðtÞSX ’vðtÞ
rðtÞ jjx
aðtÞ  xbðtÞjj2
and hence
d
dt
ðjjxaðtÞ  xbðtÞjj2Þp2’vðtÞ
rðtÞ jjx
aðtÞ  xbðtÞjj2:
Using the Gronwall inequality, we obtain for all tA½0; T 
jjxaðtÞ  xbðtÞjj2pjja  bjj2 exp 2
Z t
0
’vðsÞ
rðsÞ ds
 
:
The proof is then complete. &
The following corollary is a direct consequence of the corollary above. The second
case of convex sets is due to Moreau [23,26] for Hilbert spaces.
Corollary 2.2. Assume that ðHÞ holds and H is finite dimensional. Then the assertions
of Corollary 2.1 hold under any one of the following assumptions:
(a) there exists some number r40 such that all sets CðtÞ are r-prox-regular and T is
choosen such that 2
R T
0 ’vðsÞ dsor;
(b) all the sets CðtÞ are convex.
Proof. In case (b), the sets CðtÞ are r-prox-regular with r ¼ þN: So, in both cases
the function t/’vðtÞ=r is integrable over ½0; T  and hence the result follows. &
3. Perturbation of sweeping process
Consider now a ﬁnite delay rX0 and introduce in a classical way, for each tA½0; T 
and each x : ½r; T -H; the mapping xt : ½r; 0-H with xtðsÞ ¼ xðt þ sÞ: If CT
(resp. C0) denote the Banach space of continuous mappings from ½r; T  (resp.
½r; 0) into H; then the mapping ðt; xÞ/xt is continuous over ½0; T   CT :
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Let F be a set-valued mapping from ½0; T   C0 into the nonempty weakly
compact convex subsets of H: We assume that F is scalarly Lð½0; T Þ#BðC0Þ
measurable with respect to both variables and scalarly upper semicontinuous with
respect to the second variable. Here Lð½0; T ) (resp. BðC0ÞÞ denotes the Lebesgue
(resp. Borel)-measurable subsets of ½0; T  (resp. C0Þ: We also assume that there exists
an integrable function m on ½0; T  such that for all uAC0
jFðt; uÞj :¼ supfjjejj : eAFðt; uÞgpmðtÞ:
We are interested, as in Castaing and Monteiro Marques [8], in the perturbed
differential inclusion over ½0; T  given by
ðIIIÞ ’xðtÞA NCðtÞðxðtÞÞ þ Fðt; xtÞ with x0 ¼ j;
where jAC0 is ﬁxed and satisﬁes jð0ÞACð0Þ:
We still assume that the sets CðtÞ are rðtÞ-prox-regular and we are going to show
how the results in Section 2 can be applied to solve inclusion (III).
We denote by w the absolutely continuous function deﬁned for each tA½0; T  by
wðtÞ ¼
Z t
0
ð’vðsÞ þ mðsÞÞ ds;
and we assume 2
R t
0 wðsÞ dsorðtÞ for 0otoT :
Theorem 3.1. Assume that ðHÞ holds and H is separable. Then, a mapping
xACT that is absolutely continuous on ½0; T ; is a solution of the constrained
differential inclusion (III) iff it is a solution of the unconstrained differential
inclusion
ðIVÞ ’xðtÞA ’wðtÞ@dCðtÞðxðtÞÞ þ Fðt; xtÞ with x0 ¼ j:
Further, the set of solutions is nonempty whenever H is finite dimensional.
Proof. Suppose ﬁrst that x is a solution of (III). Then, classical measurability
techniques of measurable set-valued mappings give a measurable selection z of
t/Fðt; xtÞ such that
’xðtÞA NCðtÞðxðtÞÞ þ zðtÞ: ð3:1Þ
We use a classical idea (see for example [6]) by putting for all tA½0; T 
zðtÞ ¼
Z t
0
zðsÞ ds; DðtÞ ¼ CðtÞ  zðtÞ and yðtÞ ¼ xðtÞ  zðtÞ:
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It is easily veriﬁed that DðtÞ is normally regular for all tA½0; T : Moreover for
s; tA½0; T  and for eAH one has
jdðe; DðtÞÞ  dðe; DðsÞÞjp jdðe þ zðtÞ; CðtÞÞ  dðe þ zðsÞ; CðsÞÞj
p jjzðtÞ  zðsÞjj þ jdðe þ zðtÞ; CðtÞÞ
 dðe þ zðtÞ; CðsÞÞj
p jjzðtÞ  zðsÞjj þ jvðtÞ  vðsÞj
p jwðtÞ  wðsÞj:
As inclusion (3.1) can be rewritten in the form ’yðtÞA NDðtÞðyðtÞÞ and as yð0Þ ¼
xð0Þ ¼ jð0Þ and jð0ÞACð0Þ ¼ Dð0Þ; it follows from Proposition 2.1 that for almost
all tA½0; T 
’yðtÞA ’wðtÞ@dDðtÞðyðtÞÞ:
This means that
’xðtÞA ’wðtÞ@dCðtÞðxðtÞÞ þ zðtÞ;
which ensures
’xðtÞA ’wðtÞ@dCðtÞðxðtÞÞ þ Fðt; xtÞ;
and hence x is a solution of (IV).
Suppose now that x is a solution of the unconstrained differential inclusion (IV).
As above, there exists a measurable selection z of the set-valued mapping t/Fðt; xtÞ
such that for almost all tA½0; T 
’xðtÞA ’wðtÞ@dCðtÞðxðtÞÞ þ zðtÞ: ð3:2Þ
Deﬁne zðtÞ; DðtÞ and yðtÞ for all tA½0; T  exactly as above. The sets DðtÞ obviously
inherit the rðtÞ-prox-regularity from the sets CðtÞ and as above once again for all
s; tA½0; T  and for all eAH we have
jdðe; DðtÞÞ  dðe; DðsÞÞjpjwðtÞ  wðsÞj;
and by assumption we also have 2
R t
0 ’wðsÞ dsorðtÞ: So, observing that inclusion (3.2)
is equivalent to
’yðtÞA ’wðtÞ@dDðtÞðyðtÞÞ
and that yð0ÞADð0Þ; we obtain by Theorem 2.1 that
’yðtÞA NDðtÞðyðtÞÞ;
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that is,
’xðtÞA NCðtÞðxðtÞÞ þ zðtÞ:
This ensures
’xðtÞA NCðtÞðxðtÞÞ þ Fðt; xtÞ
and hence x is a solution of the constrained differential inclusion (III).
It remains to show that, in the ﬁnite-dimensional setting, the unconstrained
differential inclusion (IV) admits at least a solution xACT that is absolutely
continuous on ½0; T : Using the Clarke directional derivative of Lipschitz functions,
one easily checks that the set-valued mapping with compact convex values given for
ðt; eÞA½0; T   H by
ðt; eÞ/ ’wðtÞ@dCðtÞðeÞ
is Lð½0; T Þ#BðHÞ-measurable with respect to both variables and
upper semicontinuous with respect to the second variable. Note also that for each
xACT and each tA½0; T  one has xðtÞ ¼ xtð0Þ: Then, putting for ðt; uÞA½0; T   C0;
F0ðt; uÞ ¼  ’wðtÞ@dCðtÞðuð0ÞÞ þ Fðt; uÞ
the differential inclusion (IV) appears in the form
’xðtÞAF0ðt; xtÞ with x0 ¼ j
as a classical unconstrained differential inclusion with delay. Indeed, the second
member is given by a set-valued mapping with compact convex values that is
Lð½0; T Þ#BðC0Þ-measurable and upper semicontinuous with respect to uAC0 and
for all uAC0
supfjjejj : eAF0ðt; uÞgp ’wðtÞ þ mðtÞ:
So, applying corresponding results in [1] one obtains that the differential inclusion
(IV) admits at least one solution, and the proof is complete. &
As any closed convex set is N-prox-regular, the following result is a direct
consequence of Theorem 2.1. It has been established by Castaing and Monteiro
Marques [8].
Corollary 3.1. Assume that H is finite dimensional and that all the sets CðtÞ are convex
and satisfy ðHÞ: Then, under the assumptions above, the constrained differential
inclusion (III) admits at least one solution.
A second corollary will be obtained by taking the delay r ¼ 0: In order to state this
corollary, consider a set-valued mapping G from ½0; T   H into the nonempty
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weakly compact subsets of H: Assume that G is scalarly Lð½0; T Þ#BðHÞ-
measurable with respect to both variables and scalarly upper semicontinuous with
respect to the second variable. Assume also that there exists some integrable function
m over ½0; T  such that for all xAH
supfjjejj : eAGðt; xÞgpmðtÞ:
Assume that the set CðtÞ are rðtÞ-prox-regular with R t0 ’wðsÞ dsorðtÞ; where ’wðsÞ :
¼ j’vðsÞj þ mðsÞ: Then, the following corollary can be provided as a direct
consequence of Theorem 3.1 with r ¼ 0: The existence part in the convex case
appeared in [6].
Corollary 3.2. Assume that ðHÞ holds and H is separable. Then, under the assumptions
above, an absolutely continuous mapping x : ½0; T -H is a solution of the constrained
differential inclusion
’xðtÞA NCðtÞðxðtÞÞ þ Gðt; xðtÞÞ with xð0Þ ¼ x0ACð0Þ
iff it is a solution of the unconstrained differential inclusion
’xðtÞA ’wðtÞ@dCðtÞðxðtÞÞ þ Gðt; xðtÞÞ with xð0Þ ¼ x0ACð0Þ:
Furthermore, the set of solutions is nonempty whenever H is finite dimensional.
Another corollary concerning topological properties of the set of solutions is
obtained by applying corresponding results in [1,9] to the second differential
inclusion in Corollary 3.2.
Corollary 3.3. Assume that ðHÞ holds and H is finite dimensional and denote by Sa
the set of solutions of the differential inclusion
’xðtÞA NCðtÞðxðtÞÞ þ Gðt; xðtÞÞ
associated with the initial value aACð0Þ: Then, each Sa ( for aACð0Þ) is a nonempty
compact subset of Cð½0; T ; HÞ endowed with the sup norm and the set-valued mapping
a/Sa is upper semicontinuous over Cð0Þ:
Consider now the case when CðtÞ does not depend on t: Let K be a nonempty
closed subset of H that is r-prox-regular for some r40: Assume that 2
R t
0
mðsÞ dsor
for toT : Then, we have the following topological result. Note that the existence
alone of a solution will be established in Corollary 4.1 without the prox-regularity
assumption. The importance of this differential inclusion in economic mathematical
problems as well as earlier results by B. Cornet and C. Henry will be recalled before
the statement of Corollary 4.1.
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Corollary 3.4. Assume that H is finite dimensional. Then, for each aAK the set Sa of
solutions of the differential inclusion
’xðtÞA NKðxðtÞÞ þ Gðt; xðtÞÞ
is a nonempty compact subset of Cð½0; T ; HÞ and the set-valued mapping a/Sa is
upper semicontinuous on K :
4. Sweeping process with nonregular sets
In this section, we drop the regularity assumption on the closed sets CðtÞ and
merely assume that they move in an absolutely continuous way, i.e., we suppose that
ðHÞ holds. To get a solution of (I), we take advantage of the strong connection
provided by Section 1 between the solutions of (I) and (II), at least in the regularity
case. Indeed, Section 1 tells us that a natural candidate set-valued mapping with
nonempty convex compact values G : ½0; T   H4H whose associated differential
inclusion would allow to get a solution of (I) with the general theory of differential
inclusions with convex compact second member is given by
Gðt; xÞ ¼ ’vðtÞ@dCðtÞðxÞ:
So, in absence of any regularity, we are naturally led to consider the differential
inclusion (II) on which we impose the constraints
xðtÞACðtÞ for all tA½0; T :
This will be done by applying viability theory results to this constrained differential
inclusion. We also refer to Castaing [4] and Valadier [34] for the use of some viability
results to the study of some sweeping process.
We begin by recalling some notions and results about the viability for differential
inclusions deﬁned by set-valued mappings with nonempty convex compact values.
Let G : ½0; T   H4H be a set-valued mapping with nonempty convex compact
values that is Lð½0; T Þ#BðHÞ-measurable and upper semicontinuous with respect
to xAH for almost all tA½0; T : Assume also that the standard growth condition
holds, i.e., there exist an integrable function g over ½0; T  such that for almost all
tA½0; T  and all xAH
jGðt; xÞjpgðtÞð1þ jjxjjÞ:
Let also for each tA½0; T  a nonempty closed subset SðtÞ of H: Assume also that S
is absolutely continuous on ½0; T  (see, e.g., [16,17,28]) in the sense that for all real
numbers e40 and r40 there exists a real number d40 such that for all
0ps1ot1p?smotmpT satisfying
Pm
i¼1 ðti  siÞpd one has
Xm
i¼1
maxðerðSðsiÞ; SðtiÞÞÞ; erðSðtiÞ; SðsiÞÞpe;
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where, for two closed subsets P and Q in H;
erðP; QÞ ¼ inffZ40 : P-rBHCQ þ ZBg:
Denote by hGðt; x; yÞ the lower hamiltonian function of G deﬁned on ½0; T  
H  H by
hGðt; x; yÞ ¼ minf/y; zS : zAGðt; xÞg:
The following viability result has been proved by Frankowska and Plaskacz [16],
see Theorem 3.1 and Corollary 3.2 therein. Recall that the graph of S is deﬁned by
gph S ¼ fðt; xÞ : xASðtÞg:
Theorem 4.1 (Frankowska and Plaskacz [16]). Suppose in addition to the assumptions
above that H is finite dimensional. Then, the following assertions are equivalent:
(a) there exists a set LC½0; T  of full measure such that for all tAL and all xASðtÞ
one has
aþ hGðt; x; yÞp0 for all ða; yÞANF ðgph S; t; xÞ;
(b) for every t0A½0; T ½ and every u0ASðt0Þ there exists an absolutely continuous
solution xð:Þ; over the interval ½t0; T ; of the differential inclusion
’xðtÞAGðt; xðtÞÞ with xðt0Þ ¼ u0
satisfying the constraints
xðtÞASðtÞ for all tA½t0; T :
The following result will also be needed later and it has its own interest. The
second equality that it provides describes the Fre´chet normal cone to the graph of a
set valued mapping M in terms of the function DM given by
DMðx; yÞ :¼ dðy; MðxÞÞ;
with the convention dðy;fÞ ¼ þN: A similar result has been established in Thibault
[31] for the limiting Fre´chet normal cone with the use of the Ekeland variational
principle. As it appears below, the proof is much more simple for the Fre´chet normal
cone and the ﬁrst equality is more precise.
Proposition 4.1. Let M be a set-valued mapping with closed graph between two normed
vector spaces X and Y and let ð %x; %yÞAgph M: Then
@FDMð %x; %yÞ ¼ NF ðgph M; %x; %yÞ-ðX 
  BY 
 Þ
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and
NF ðgph M; %x; %yÞ ¼ Rþ@FDMð %x; %yÞ:
Proof. The second equality is obviously a direct consequence of the ﬁrst one. So, we
begin by proving the inclusion @FDMð %x; %yÞCNF ðgph M; %x; %yÞ-ðX 
  BY Þ: Fix any
ðx
; y
Þ in @FDMð %x; %yÞ and ﬁx e40: There exists some real number Z40 such that for
all xAX with jjx  %xjjpZ and all yAY with jjy  %yjjpZ one has
/x
; x  %xSþ/y
; y  %yS
pdðy; MðxÞÞ  dð %y; Mð %xÞÞ þ eðjjx  %xjj þ jjy  %yjjÞ: ð4:1Þ
So, for any ðx; yÞAgph M with jjx  %xjjpZ and jjy  %yjjpZ; we obtain (because
dð %y; Mð %xÞÞ ¼ 0)
/x
; x  %xSþ/y
; y  %ySpeðjjx  %xjj þ jjy  %yjjÞ:
This implies ðx
; y
ÞANF ðgph M; %x; %yÞ: Further, taking x ¼ %x in (4.1) one easily
obtains that jjy
jjp1; and the inclusion
@FDMð %x; %yÞCNF ðgph M; %x; %yÞ-ðX 
-BY Þ ð4:2Þ
follows.
Consider now the converse inclusion. Fix any ðx
; y
Þ in NF ðgph M; %x; %yÞ with
jjy
jjo1 and ﬁx any e40 satisfying eþ jjy
jjo1: There exists, by the deﬁnition of
Fre´chet normal cone, some real number Z040 such that for all ðx0; y0ÞAgph M with
jjx0  %xjjp3Z0 and jjy0  %yjjp3Z0 one has
/x
; x0  %xSþ/y
; y0  %ySpeðjjx0  %xjj þ jjy0  %yjjÞ: ð4:3Þ
Fix a positive number Z satisfying ð1þ jjx
jjÞZoZ0 and ﬁx xAX and yAY with
jjx  %xjjpZ and jjy  %yjjpZ: If dðy; MðxÞÞ4Z0; then
/x
; x  %xSþ/y
; y  %ySpðjjx
jj þ 1ÞZodðy; MðxÞÞ
and hence
/x
; x  %xSþ/y
; y  %yS
pdðy; MðxÞÞ  dð %y; Mð %xÞÞ þ eðjjx  %xjj þ jjy  %yjjÞ: ð4:4Þ
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Suppose now that dðy; MðxÞÞpZ0: Choose y0AMðxÞ such that
maxð1=2; eþ jjy
jjÞjjy  y0jjpdðy; MðxÞÞ ð4:5Þ
and observe that
jjy0  %yjjpjjy  %yjj þ jjy  y0jjpZþ 2Z0o3Z0:
So, we obtain from (4.3) that
/x
; x  %xSþ/y
; y  %yS ¼/x
; x  %xSþ/y
; y0  %ySþ/y
; y  y0S
p eðjjx  %xjj þ jjy0  %yjjÞ þ jjy
jj:jjy  y0jj
p eðjjx  %xjj þ jjy  %yjjÞ þ ðeþ jjy
jjÞjjy  y0jj:
It then follows from (4.5) that
/x
; x  %xSþ/y
; y  %ySpeðjjx  %xjj þ jjy  %yjjÞ þ dðy; MðxÞÞ  dð %y; Mð %xÞÞ:
This inequality and (4.4) ensure that ðx
; y
ÞA@FDMð %x; %yÞ: As the Fre´chet
subdifferential of a function is always strongly closed (see for example [3]) we
conclude that
ðx
; y
ÞA@FDMð %x; %yÞ
for any ðx
; y
ÞANF ðgph M; %x; %yÞ satisfying jjy
jjp1: This means that the converse
inclusion of (4.2) also holds, and hence the proof is complete. &
We are now ready to apply Theorem 4.1 to the differential inclusion (II) subject to
the constraints xðtÞACðtÞ for all tA½0; T :
Proposition 4.2. Assume that H is finite dimensional and the closed sets CðtÞ merely
satisfy the hypothesis ðHÞ: Then, there exists an absolutely continuous solution xð:Þ of
the differential inclusion
’xðtÞA ’vðtÞ@dCðtÞðxðtÞÞ with xð0Þ ¼ x0ACð0Þ
satisfying the constraints
xðtÞACðtÞ for all tA½0; T :
Proof. For ðt; xÞA½0; T   H put
Gðt; xÞ :¼ ’vðtÞ@dCðtÞðxÞ:
It is not difﬁcult to verify that G satisﬁes the measurability assumption and the
growth condition in the beginning of Section 4. Moreover, it is also easily seen that
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hypothesis ðHÞ ensures that C is absolutely continuous on ½0; T  in the sense recalled
above. Let us now prove that condition (a) in Theorem 4.1 also holds. Fix any point
%rA0; T ½ where the function v is derivable and take %xACð%rÞ: Fix also any
ða; xÞA@FDCð%r; %xÞ: For each real number e40; there exists, by deﬁnition of Fre´chet
subgradients, some real number Z40 such that for all rA0; T ½ with jr  %rjpZ and all
xAH with jjx  %xjjpZ one has
/ða; xÞ; ðr  %r; x  %xÞSpDCðr; xÞ þ eðjr  %rj þ jjx  %xjjÞ;
that is,
aðr  %rÞ þ/x; x  %xSpdðx; CðrÞÞ þ eðjr  %rj þ jjx  %xjjÞ: ð4:6Þ
Taking r ¼ %r in (4.6) we obtain for all xAH with jjx  %xjjpZ
/x; x  %xSpdðx; Cð%rÞÞ þ ejjx  %xjj
and hence (since dð %x; Cð%rÞÞ ¼ 0Þ
/x; x  %xSpdðx; Cð%rÞÞ  dð %x; Cð%rÞÞ þ ejjx  %xjj:
This means that
xA@F dCð%rÞð %xÞ: ð4:7Þ
By assumption ðHÞ; for any rA0; T ½ there exists some xrACðrÞ with
jjxr  %xjjpjvðrÞ  vð%rÞj:
Taking x ¼ xr as above in (4.6) we get for all r sufﬁciently close to %r
aðr  %rÞp/ x; xr  %xSþ eðjr  %rj þ jjxr  %xjjÞ
p jjxjj:jvðrÞ  vð%rÞj þ eðjr  %rj þ jvðrÞ  vð%rÞjÞ
and hence
jajp’vð%rÞjjxjj: ð4:8Þ
If x ¼ 0; then (4.8) entails that a ¼ 0 and hence in this case
aþ hGð%r; %x; xÞ ¼ 0:
Suppose that xa0: Then (4.7) implies that xjjxjjA@
F dCð%rÞð %xÞC@dCð%rÞð %xÞ and hence
’vð%rÞ xjjxjjAGð%r; %xÞ:
ARTICLE IN PRESS
L. Thibault / J. Differential Equations 193 (2003) 1–2620
Furthermore, one has by (4.8)
aþ  ’vð%rÞ xjjxjj; x
 
¼ a ’vð%rÞjjxjjp0:
So, in both cases
aþ hGð%r; %x; xÞp0;
and, by Proposition 4.1, this inequality still holds for all ða; xÞANF ðgph C; %r; %xÞ:
Consequently, we may apply Theorem 4.1 to get that the set-valued mapping C is
viable for G; that is, there exists an absolutely continuous solution of the differential
inclusion
’xðtÞAGðt; xðtÞÞ with xð0Þ ¼ x0
satisfying the constraints
xðtÞACðtÞ for all tA½0; T :
The proof is then complete. &
The proposition above allows us to provide the general theorem below concerning
the existence of solution for sweeping process with general closed sets.
Theorem 4.2. Assume that H is finite dimensional and the closed sets CðtÞ merely
satisfy the hypothesis ðHÞ: Then the differential inclusion (I) admits at least one
absolutely continuous solution xð:Þ satisfying for almost all tA½0; T 
jj ’xðtÞjjp ’vðtÞ:
Proof. The theorem is a direct consequence of Proposition 4.2 and the fact that
jjyjjp1 for any yA@dQðxÞ; any subset Q of H; and any xAH: &
We can also consider, in the case of general closed sets CðtÞ; a special perturbation
with a growth condition depending on the state variable. For a subset SCH we
denote by TðS; %xÞ the Bouligand contingent cone to S at %xAS (see, e.g., [11]). It is
not difﬁcult to see that
/u
; uSp0 for all uATðS; %xÞ and u
ANF ðS; %xÞ: ð4:9Þ
As it appears below, the perturbation with which we are able to deal requires a
partial tangential assumption with respect to the state variable using the contingent
cone.
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Theorem 4.3. Assume that H is finite dimensional and the closed sets CðtÞ merely
satisfy ðHÞ: Let G : ½0; T   H-H be a set-valued mapping with nonempty compact
convex values that is measurable with respect to ðt; xÞ and upper semicontinuous with
respect to x. Assume that for some set L0C½0; T  of full measure, some integrable
function s and some real number bX0 one has for all tAL0 and xACðtÞ
Gðt; xÞ-TðCðtÞ; xÞa| and jGðt; xÞjpsðtÞð1þ bjjxjjÞ:
Then, the perturbed sweeping process
’xðtÞA NCðtÞðxðtÞÞ þ Gðt; xðtÞÞ with xð0Þ ¼ x0ACð0Þ
admits at least one absolutely continuous solution xð:Þ satisfying
jj ’xðtÞjjp ’vðtÞ þ sðtÞð1þ bjjxðtÞjjÞ for almost all tA½0; T :
Proof. Putting
Gðt; xÞ :¼ ’vðtÞ@dCðtÞðxÞ;
we obtain as in the proof of Proposition 4.2, for any ﬁxed ð%r; %xÞAgph C with
%rA0; T ½-L0 and v derivable at %r; that for all ða; xÞANF ðgph C; %r; %xÞ one has
aþ hGð%r; %x; xÞp0:
Our tangential assumption on G and (4.9) ensure that for the lower hamiltonian
hG of G; we have hGð%r; %x; xÞp0: As it is easily seen that hGþG ¼ hG þ hG; we get
aþ hGþGð%r; %x; xÞp0 for all ða; xÞANF ðgph C; %r; %xÞ:
So, we may apply Theorem 4.1 to obtain a solution xð:Þ of the differential inclusion
’xðtÞA ’vðtÞ@dCðtÞðxðtÞÞ þ Gðt; xðtÞÞ with xð0Þ ¼ x0ACð0Þ ð4:10Þ
satisfying the constraints
xðtÞACðtÞ for all tA½0; T :
The inclusion (4.10) implies, on the one hand, that for almost all tA½0; T 
’xðtÞA NCðtÞðxðtÞÞ þ Gðt; xðtÞÞ
because @dSðuÞCNSðuÞ for any uAS: On the other hand, the growth condition on G
and (4.10) imply that almost everywhere
jj ’xðtÞjjp’vðtÞ þ sðtÞð1þ bjjxðtÞjjÞ:
The proof is then complete. &
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When the growth condition upon the set-valued perturbation G does not depend
on the state variable, a more general result can be established.
Theorem 4.4. Assume that H is finite dimensional and the closed sets CðtÞ merely
satisfy ðHÞ: Let G : ½0; T   H-H be a set-valued mapping with nonempty compact
convex values that is measurable with respect to ðt; xÞ and upper semicontinuous with
respect to x: Assume that there exists an integrable function m over ½0; T  such that for
all tA½0; T  and all xACðtÞ
minfjjejj : eAGðt; xÞgpmðtÞ: ð4:11Þ
Then the perturbed sweeping process
’xðtÞA NCðtÞðxðtÞÞ þ Gðt; xðtÞÞ with xð0Þ ¼ x0ACð0Þ
admits at least one absolutely continuous solution xð:Þ: Further, this solution also
satisfies
jj ’xðtÞjjp’vðtÞ þ 2mðtÞ for almost all tA½0; T ; ð4:12Þ
whenever, instead of (4.11) we assume that for all tA½0; T  and all xACðtÞ
jGðt; xÞjpmðtÞ: ð4:13Þ
Proof. Assume that (4.11) holds. Put
Fðt; xÞ :¼ ð’vðtÞ þ mðtÞÞ@CðtÞðxÞ þ Gðt; xÞ
and ﬁx any %rA0; T ½ where the function v is derivable and take any %xACð%rÞ: As in the
ﬁrst part of the proof of Proposition 4.2, we obtain for any ﬁxed ða; xÞA@FDCð%r; %xÞ
that
jajp’vð%rÞ:jjxjj and xA@F dCð%rÞð %xÞ: ð4:14Þ
By our assumption on G; we may choose some %yAGð%r; %xÞ with jj %yjjpmð%rÞ: If xa0;
then the second relation in (4.14) ensures that
ð ’vð%rÞ þ mð%rÞÞ xjjxjj þ %yAFð%r; %xÞ;
and it follows from the inequality in (4.14) that
aþ ð’vð%rÞ þ mð%rÞÞ xjjxjj þ %y; x
 
pða ’vð%rÞjjxjjÞ þ jjxjjðjj %yjj  mð%rÞÞp0:
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Taking the deﬁnition of the lower hamiltonian into account, we obtain
aþ hFð%r; %x; xÞp0:
When x ¼ 0; the inequality in (4.14) entails that a ¼ 0: So, the last inequality above
still holds even for x ¼ 0: Proposition 4.1 says that this inequality also holds for all
ða; xÞANF ðgph C; %r; %xÞ: Then, it follows from Theorem 4.1 that the set-valued
mapping C is viable for f; which means that there exists an absolutely continuous
mapping xð:Þ such that xðtÞACðtÞ for all tA½0; T  and
’xðtÞAFðt; xðtÞÞ a:e: and xð0Þ ¼ x0ACð0Þ:
The mapping xð:Þ is easily seen to be a solution of the perturbed sweeping process.
If (4.13) is assumed in place of (4.11), using the deﬁnition of F one sees that the
solution xð:Þ above also satisﬁes inequality (4.12). The proof is then complete. &
As a direct corollary we obtain the following result where the sets CðtÞ do not
depend on t; i.e., CðtÞ ¼ K for all tA½0; T : The case when Gðt; xÞ does not depend on
t either has been extensively studied. The problem has been ﬁrst introduced and
solved by Henry [19] with the convexity assumption on the set K : The convexity
assumption has been relaxed by Cornet [14] who merely required the tangential
regularity (or equivalently the normal regularity). Other cases have been studied by
Malivert [20]. This differential inclusion is crucial in the study of planning
procedures problems, see [14,19]. Here, we derive an existence of viable solution
for any closed set K : Further, the set-valued mapping G may be time-dependent.
Corollary 4.1. Assume that H is finite dimensional and that G satisfies (4.13) in
Theorem 4.4. Let K be a closed subset of H with x0AK : Then, the perturbed process
’xðtÞA NKðxðtÞÞ þ Gðt; xðtÞÞ with xð0Þ ¼ x0
admits at least one absolutely continuous solution xð:Þ satisfying
jj ’xðtÞjjp2mðtÞ for almost all tA½0; T :
When the upper bound (4.12) is not required and all the sets CðtÞ are bounded, an
existence result for the perturbed sweeping process still holds under growth
conditions more general than (4.13).
Corollary 4.2. Assume that H is finite dimensional, Cð0Þ is bounded, and the sets CðtÞ
merely satisfy ðHÞ: Let G : ½0; T   H-H be a set-valued mapping with nonempty
compact convex values that is measurable with respect to ðt; xÞ and
upper semicontinuous with respect to x: Assume that there exists some integrable
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function s such that for all tA½0; T  and all xACðtÞ
minfjjejj : eAGðt; xÞgpsðtÞð1þ jjxjjÞ:
Then the perturbed sweeping process
’xðtÞA NCðtÞðxðtÞÞ þ Gðt; xðtÞÞ with xð0Þ ¼ x0ACð0Þ
admits at least one absolutely continuous solution xð:Þ:
Proof. It is not difﬁcult to see that assumption ðHÞ and the boundedness of Cð0Þ
ensures that, for some bX0; one has jjxjjpb for all tA½0; T  and all xACðtÞ: So, for
mðtÞ :¼ sðtÞð1þ bÞ; the function m is integrable over ½0; T  and satisﬁes (4.11). The
corollary then follows from Theorem 4.4. &
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